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O , 1 Abstract. We observe a correspondence between collections of closed sub- 

^^ ' groups and normal subgroups in locally compact, totally disconnected (l.c.t.d.) 

^^ ' groups. This correspondence is first applied to prove structure theorems for 

QQ , two classes of l.c.t.d. second countable (l.c.t.d.s.c.) groups: the class of such 

fvj , groups with an open, solvable subgroup and the class of such groups with a 

compact, open, and pro-nilpotent subgroup. As a second application, we give 
new proofs and generalizations of results of G. Willis in |6] and Y. Barnea, 
Q^ ^ M. Ershov, and T. Weigel in [T] on topologically simple, compactly generated 

rH^ ■ l.c.t.d. groups. 

^' 
-)— > 

=^ . 

1. Introduction 

We first note a general correspondence between collections of closed subgroups 

^ I and normal subgroups in l.c.t.d. groups. More precisely, suppose G is a l.c.t.d. 

^S| . group and let S{G) be the collection of closed subgroups. We show associated to 

CNJ ' a conjugation invariant, hereditary family A C S{G) there is a canonical normal 

'^ . subgroup called the ^-radical. 

We apply this correspondence to prove the following structure theorems: 

(^ , Theorem 1.1. If G is a l.c.t.d.s.c. group with an open, solvable subgroup, then G 

CO ' is constructible. 

The collection of constructible l.c.t.d.s.c. groups are those l.c.t.d.s.c. groups which 
can be built from profinite and discrete groups via group extensions and countable, 
^\f . increasing unions. In a remarkably similar result, we prove 

b ■ 

_\^_' Theorem 1.2. If G is a l.c.t.d.s.c. group with a compact, open, and pro-nilpotent 

subgroup, then G is prime constructible. 

The collection of l.c.t.d.s.c. prime constructible groups are those l.c.t.d.s.c. groups 
which can be built from profinite groups, discrete groups, and l.c.t.d.s.c. groups 
with a compact, open pro-p subgroup via group extensions and countable, increasing 
unions. 

As a second application, we consider l.c.t.d. groups which are compactly gener- 
ated and topologically simple. Here we give new proofs of the following theorems: 

Theorem 1.3 (Willis [B]). // a l.c.t.d. group G is non-discrete, compactly gener- 
ated, and topologically simple, then G does not have an open, solvable subgroup. 
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Theorem 1.4 (Barnca, Ershov, Weigel [Ij). Suppose a l.c.t.d. group G is non- 
discrete, compactly generated, and topologically simple. Then for all compact, open 
U ^G and {1} <N ^U either CommG{N) :^ G or Cg{N) is trivial. 

CommQ{N) is the commensurator subgroup of N in G. The conimonahties of our 
proofs aUow us to prove a new theorem which combines the above two theorems: 

Theorem 1.5. Suppose a l.c.t.d. group G is non- discrete, topologically simple, and 
compactly generated. If {1} < N ^ U is such that CommQ{N) — G and U ^ G is 
compact and open, then N is not solvable. 

Indeed, we prove an analogue of the above theorem for any verbal subgroup from 
which the above theorem is a consequence. 

2. Preliminaries 

We first fix some conventions and notations for the rest of this paper. All groups 
are taken to be Hausdorff topological groups, and G always denotes such a group. 
All subgroups are taken to be closed unless otherwise stated. For a topological 
group G, we write H ^o G to indicate H is an open subgroup. For any subgroup 
K ^ G, Cg{K) is the collection of elements of G which centralize every element of 
K. For .9 e G and H ^ G, g" := {hgh^^ \ h G H}. The rest of our notation is 
standard. 

2.1. Solvable groups, nilpotent groups, and commensurate subgroups. 

We here recall the definitions of solvable groups, nilpotent groups, and commensu- 
rate subgroups in the topological category. 

The derived series of a topological group G is the sequence of closed, normal 
subgroups (GC^))^:^! defined by G^^'> := d(iG,G]) and G("+i) := d([G„,G„]). G 
is called solvable if the derived series stabilizes at {1} after finitely many steps. 
For solvable G, the derived length, 1{G), is the number of non-trivial terms in the 
derived series. 

The lower central series of a topological group G is the sequence of closed, 
normal subgroups {Gk)k^i defined by Gi :— cl{[G,G]) and G„+i := d([G, G„]). 
G is called nilpotent if the lower central series stabilizes at {1} after finitely many 
steps. The nilpotence class of nilpotent G, n{G), is the number of non-trivial terms 
in the lower central series. Note the last non-trivial term in the lower central series 
of a nilpotent group is central. 

Two subgroups M ^ G and A^ ^ G of a topological group G are commensurate, 
denoted M '^c N, ii \M : M n N\ and \N : M D N\ arc finite. It is easy to check 
~c is an equivalence relation on closed subgroups of G and is preserved under the 
action by conjugation of G on closed subgroups. The commensurability relation 
allows us to define a commensurator subgroup: For N ^ G, the commensurator 
subgroup of A^ in G is defined by 

CommaiN) := {5 e G | gNg-^ ^, N} 

2.2. Locally compact, totally disconnected groups. We now specialize to 
l.c.t.d. groups. When the topology of a l.c.t.d. group is second countable, it is 
metrizable; see [3] for example. L.c.t.d. groups also have a basis at 1 of compact, 
open subgroups by an old result of van Dantzig; cf. [2]. These compact, open 
subgroups and the collection thereof play leading roles in this paper. We thus 
recall a few facts and definitions about each. 
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The compact, open subgroups of a l.c.t.d. group are profinite. Profinite groups 
have a basis at 1 of open, normal subgroups. When the topology is second countable, 
this basis is countable. For a second countable profinite group U, we call {VFijigN 
a normal base at I for U if Wq = U, HieN ^» = {!}' ^i+i ^ ^i^ ^'^'^ ^i ^o U. 
Profinite groups also have a Sylow theory where the p-Sylow subgroups are maximal 
pro-p subgroups. For a profinite group U and a prime p, Up denotes a p-Sylow 
subgroup. We call a profinite group pro-n where tt is a finite set of primes if for all 
primes p G ^tt every p-Sylow subgroup is trivial. In the case that U is pro-nilpotent, 
the Sylow subgroups are particularly nice: 

Fact 2.1. Suppose U is pro-nilpotent. Then, 

(i) For each prime p, U has a unique, normal p-Sylow subgroup, 
(ii) For primes p ^ q, Up ^ Cu{Uq). 

See [7] for a good introduction to profinite group theory and a proof of the fact 
above. 

For a l.c.t.d. group G, we denote the collection of compact, open subgroups 
by U{G). We typically write lA when no ambiguity results. A l.c.t.d. group G is 
called locally solvable if U{G) has a solvable member. Observe if G contains an 
open, solvable subgroup, then G is locally solvable. We analogously define locally 
nilpotent, locally pro-nilpotent, locally pro-p, and locally pro-n for n a finite set 
of primes. Finally, a l.c.t.d. group G is called a small invariant neighborhood 
group, denoted SIN, if U{G) contains a basis at 1 for G of normal subgroups. We 
remark that all discrete groups are considered to be SIN and locally-x for any of 
the properties x above. 

2.3. The topologically locally finite radical. We now recall V.P. Platonov's 
topologically locally finite radical. The results in this section are more or less 
contained in Platonov's paper [4|. We give a treatment for completeness. 

Proposition 2.2. Let G be a l.c.t.d.s.c. group. The following are equivalent: 

(i) For all X <Z G finite, cl{{X)) is compact, 
(ii) Let G^" be the n-th Cartesian power of G. Then, 

Pn{G) := {{gi,...,gn) £ G^" | cl{{gi, ...,gn)) is compact in G } 

is dense in G^" for all n ^ 1. 
(Hi) G = Ujgpj L^i such that {Ui)if=fi is an C-increasing sequence of compact, open 

subgroups. 
(iv) For all X <Z G compact, cl{{X)) is compact. 

Proof, (i) => {ii),(iii) ^ {iv), and {iv) => {i) are immediate. We thus have only to 
prove {ii) => {Hi). To that end, let (gi)ieN be a countable dense subset of Pi{G) 
and note (gi)igN is dense in G. We proceed by induction to produce compact, open 
subgroups Uo ^ Ui < ... such that go,...,gn G Un for all n 6 N. For the base case, 
it is easy to see g^ lies in a compact, open subgroup since 50 £ Pi{G). Fix Uq €U 
containing go. Suppose we have constructed C/„. Since 5^+1 G Pi (G), we may find V 
a compact, open subgroup containing gn+i- Since VUn is compact and Un open, we 
may find A '^ V finite, symmetric, and containing 1 such that VUn = AUn- On the 
other hand, UnA is compact. We may then find a finite symmetric UnAUn D B D A 
such that UnA C BUn- It is easy to see UnBUn — BUn- Now find a symmetric 
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C G P\B\{H) containing 1 such that UnCUn = CUn = BUn] this is possible since 
P\B\{H) is dense. So {CUn)^ = C^Un for all fc ^ 1 by induction on k, and 

VUn C {BUn) = {CUn) = {C)Un =: U„+l 

Thus, Un+i is a product of a relatively compact group and an open, compact group 
and is compact and open. Un+i is then a compact, open super group of [/„ which 
contains gn+i- This finishes the induction, and (in) follows. D 

Definition 2.3. A l.c.t.d.s.c. group is called topologically locally finite if one (all) 
of the equivalent conditions of the proposition hold. 

Of course, topologically locally finite groups are very special groups. However, in 
an arbitrary l.c.t.d.s.c. group there is a canonical topologically locally finite, normal 
subgroup: Platonov's topologically locally finite radical. To define this radical, fix 
a l.c.t.d.s.c. group G and define 

n{G) -.^{N ^G\N is topologically locally finite } 

Propostion 2.2 implies C-chains in HiG) have C-upper bounds. Zorn's lemma 
then yields C-maximal elements. Suppose R, S are two C-maximal elements in 
H{G). 

Claim. RS is topologically locally finite. 

Proof. Take risi, ...,rkSk G RS. So 

d((riSi,...,rfeSfe))Cd(({ri,...,r,r'«^i--^'=»))d((si,...,Sfc)) 
Moreover, d(({ri, ...^rfc}'^'^^''!'-'^''^')) is compact since R topologically locally finite 
and {ri, ...^ rfc}'^'^^^^^--^''''^^ is a compact subset of R. Hence, 

d(({ri,...,rfer'«^--^'=»))d((si,...,s,)) 

is a compact group, and d((risi, ...,rkSk)) is compact. D 

Thus, cl{RS) £ 'H(G) by proposition 2.2, R = d{RS) = 5' by maximality, 
and 'H{G) has a unique, maximal element. The unique, maximal element of H(G') 
is denoted Rad{G) and is called the topologically locally finite radical of G. We 
remark that H{G) may consist of only the trivial group and so Rad{G) may be 
trivial. 

3. Radical subgroups 

The inchoate idea of a radical subgroup appears in the work of I.V. Protasov 
and V.S. Carin in [^ from the late seventies. In particular, for a l.c.t.d. group G 
and Pi{G) as defined above, Protasov and Carin define the periodic radical to be 
the collection oi g € G such that gPi{G) C Pi{G). This collection is easily shown 
to be a normal subgroup of G. We abstract this idea to show a general relationship 
between sets of closed subgroups and normal subgroups. The key idea we borrow 
from Protasov and Carin is to consider the elements which can be added in some 
way to a certain collection of subgroups. 

Fix a l.c.t.d. group G and let S{G) be the collection of closed subgroups of G. 
A subset A Q S{G) is hereditary if for all A G ^ and closed B^Awe have B £ A. 
A is conjugation invariant if A is fixed setwise under the action by conjugation of 
G on 5(G). 
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Definition 3.1. Suppose A C 5(G) is hereditary and conjugation invariant. The 
A-radical, Na, is the coUection oi g E G such that if C G ^ then cl({g, C)) G A. 

By an example presented below, Nj^ is not necessarily closed. However, A^_4 is a 
normal subgroup of G. 

Proposition 3.2. If A ^ S{G) is conjugation invariant and hereditary, then Nj{ 
is a normal subgroup of G. 

Proof. Certainly, iV^ is closed under inverses. For multiplication, take h, g (z Nj^ 
and C <E A. So cl{{h,g,C)) G A and cl{{hg,C)) ^ cl{{h,g,C)). Since A is 
hereditary, cl{{hg,C)) G A and Nj, is a subgroup. Now take g G N_a, k G G, and 
C € A. Since A is conjugation invariant, k^^Ck G ^. Thus, cl{{g,k~^Ck)) G ^. 
By conjugating with k, cl{{kgk^^, C)) G A. It now follows kgk^^ G A^^i and iV^ is 
normal. D 

Definition 3.3. A subgroup of a l.c.t.d. group G of the from Ny[ for some conju- 
gation invariant and hereditary A C S{G) is called a radical subgroup of G. 

We give three examples of radical subgroups. The latter two appear regularly in 
the following sections. 

(i) Let G be a l.c.t.d. group. The quasi-center of G is defined by 

0G(G):={gGG|GG(5)isopcn} 

QC(G) is a normal subgroup of G and is not necessarily closed. Moreover, QC{G) 
is a radical subgroup: Consider 

QC := {C G 5(G) \yU EU3V i^oU -.V i^ Cg{C)] 

It is easy to see QC is a conjugation invariant and hereditary subset of S{G) and 
QC{G) is the QC radical. Hence, radical subgroups are not necessarily closed. 

(ii) Our second example is Platonov's topologically locally finite radical in the 
second countable setting. To see this, let G be a l.c.t.d.s.c. group and C C S{G) 
be the collection of compact subgroups. Certainly, C is conjugation invariant and 
hereditary. Form Nq- Since {1} G C, cl{{X)) is compact for all X C Nc finite. 
Thus, cl(Nc) ^ Rad{G) since Rad(G) is the unique subgroup which is closed, nor- 
mal, topologically locally finite, and C-maximal and cl{Nc) is topologically locally 
finite by proposition 2.2. On the other hand, take r G Rad(G) and C € C. Now 
r'^ C Rad{G) is compact and generates a compact subgroup. It is easy to see 
cl({r'~^))C is a compact subgroup and 

cl{{r,C))^cl{{r''))C 

So cl{{r, C)) is compact and r G Nc- Hence, Rad{G) — Nc and Rad{G) is a radical 
subgroup. 

(iii) Finally, consider the following family in a l.c.t.d.s.c. group G. 

SXN{G) := {G G S{G) | VF G W 3VK sC,, F : G «: Ng{W)] 

It is easy to check SXN{G) is conjugation invariant and hereditary. We call 
SIM{G) the SIN family and SIN{G) := NsiM(g) the SIN-radical. The SIN radical 
has a very nice internal structure: 

Proposition 3.4. If G is a l.c.t.d.s.c. group, then cl{SIN{G)) is an increasing 
union of relatively open, compactly generated SIN groups. 
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Proof. Fix U E U and let (ni)igN list a countable dense subset of SIN(G). Put 
N ■.^d{SIN{G)) and iJj := cl{{N r\U,no, ...,ni)). Certainly, iV==UieN^» where 
(-ffi)igN is an C-increasing sequence of relatively open and compactly generated 
subgroups of A^. It remains to show each Hi is SIN. Fix i e N and let O C Hi he a 
neighborhood of 1. Find W eU such that WdHi CO. It is easy to see U G SIJ\f, 
and so N DU <E SIN since SIN is hereditary. By choice of rig, ..., n^, Hi G SIN , 
and there isL^oW such that Hi e Ng{L). Thus, Lr\Hi<\Hi and Hi is SIN. D 

Remarks 3.5. 

(1) The requirement that A C S{G) be hereditary may be slightly weakened. 
For example, we can just require that if C G ^ and g,h d G are such 
that d{{g,h,G)) G A, then d{{gh,G)) G A. The collection of open sub- 
groups has this property but is not hereditary. We do not consider such a 
weakening since we require the hereditary property for our results. 

(2) There are many radical subgroups yet to be explored in the setting of l.c.t.d. 
groups. As a perhaps naive example, 

S~{Ce S(G) I G is solvable } 

is hereditary and conjugation invariant. Thus, iV^ is a "solvable" radical. 
What sort of groups have a non-trivial solvable radical? What can be said 
about G/d{Ns)7 

4. Structure theorems 

In this section, we prove a structure theorem for locally solvable l.c.t.d.s.c. groups 
and a structure theorem for locally pro-nilpotcnt l.c.t.d.s.c. groups. 

4.1. The structure of locally solvable groups. We first consider a class of 
l.c.t.d.s.c. groups which is a priori largely unrelated to the class of locally solvable 
l.c.t.d.s.c. groups. 

Definition 4.1. The collection of constructible groups, denoted S, is the smallest 
collection of l.c.t.d.s.c. groups such that 

(i) S contains all second countable profinite and countable discrete groups. 
(ii) S is closed under group extensions, 
(iii) S is closed under countable, increasing unions. 

E admits an ordinal ranking. Indeed, for G G S define 

• G G So if and only if G is profinite or discrete. 

• Suppose Eq, is defined. Put G G EJ^, if and only if there exists N < G such that 
A^ G E„ and G/N G S^. Put G G E^ if and only if G = IJjgn ^z where (iJj)jeN 
is an C-increasing sequence of open subgroups of G and Hi G E^ for all i G N. 
Define E„+i:=E^UE^. 

• For A a limit ordinal, E^ := U/3<a ^/3- 

It is easy to see E — [Ja o^jinai ^/3; ^^'^ '^^ may define rk{G) := minja | G G Eq} 
for any G G E. We call this rank the constructible rank of G. 

Surprisingly, all locally solvable l.c.t.d.s.c. groups are constructible. To show 
this, we note a natural ranking on the collection of locally solvable l.c.t.d.s.c. groups: 
For such G, define 

rsiG) := mm{l{U) \ U G U{G) solvable } 
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where 1{U) is the derived length of U. We cah this the solvable rank of G. Note aU 
countable, discrete groups G are locally solvable with rs{G) = 0. 

Theorem 4.2. If G is a locally solvable l.c.t.d.s.c. group, then G is constructible 
andrk{G) ^ 3(r^(G) + l). 

Proof. We induct on rg{G). For the base case, r^iG) = 0, let [/ G Z^ be abelian and 
consider the S/iV-radical, SIN{G). 

Claim. U s^ SIN{G) 

Proof. Take u e t/, C G SIM, and V eU. It suffices to show there is T4^ ^^ F 
such that cl{{u,C)) ^ Ng(W). By definition of SIM, there is W ^^oU nV such 
that C ^ Ng{W). But W s^ U and U is abehan. So u e Ng{W), and we have the 
claim. D 

Since SIN{G) is open and normal in G, rk{G/SIN{G)) = 0. On the other 
hand, SIN(G) — IJieN^* with the Hi increasing, open, and compactly generated 
SIN groups. Since these SIN groups are profinite by discrete, rk{Hi) ^ 1. Thus, 
rk{SIN{G)) s^ 2 and rk{G) < 3. 

Suppose rg (G) = k + 1, let U ^U have derived length fc + 1 , and put 

Ak+i := {C G S(G) \yV eU 3 solvable W i^o V : C ^ Ng{W^''^^^)} 

Certainly, Ak+i is hereditary. To see conjugation invariance, take C G Ak+i, 
V eU,andg e G. Find W <„ 9~^Vg such that G s^ Ng(W^''^'^'^). Then, 

gGg-' ^ NGigW^^^g-') - NGdgWg-')^''^) 

and gWg^^ ^o V ■ Ak+i is therefore invariant under conjugation. 

Let A^ be the ^fe+i-radical. By a similar argument as in the previous claim, 
j7(fe+i) ^ N. So rs{G/cl{N)) < fc, and rk{G/cl(N)) < 3 + 3fc by the induction 
hypothesis. If rs{cl{N)) ^ fc, then rk{cl{N)) ^ 3 + 3fc by induction. Therefore, 
rk{G) s^ 4 + 3fc < 3(fc + 2), and we are done. Else, rs{d{N)) = fc + 1. Let (nj)^^^ 
list a countable dense subset of N. So {ni)i^^ is a countable dense subset of cl{N), 
and cl{N) is an increasing union of {U fl cl{N),no, ..,ni) =: M^. Fix z G N. Since 
U G A+i, A'/i G Ak+i- Let M^ s^o t/ be such that Mj normalizes lyC^+i). Thus, 
T4^(''+i) n cl{N) < iJ,, and lyC^+i) n d(7V) ^ Rad{M,). Since (W n c;(7V))('=+i) s^ 
T4^('=+i) n cZ(7V), rs{M,/Rad{Mi)) ^ fc. By induction, rk{Mi/Rad{Mi)) < 3 + 3fc, 
and rk{Rad{Mi)) sj 1 by proposition 2.2. So, rk{Mi) s^ 4 + 3fc. Therefore, 
rfc(iV) :^ 5 + 3fc and rfc(G) «: 6 + 3fc = 3(fc + 2). D 

One immediately notes the proof of the above theorem gives more than locally 
solvable l.c.t.d.s.c. groups are constructible. Indeed, it gives a procedure for de- 
composing a locally solvable l.c.t.d.s.c. group into pieces which are profinite or 
have smaller solvable rank. Further, the base case, a group with a compact, open 
abelian subgroup, has a nice structure. We record these observations here: 

Proposition 4.3. If G is a locally solvable l.c.t.d.s.c. group and rs{G) — 0, then 
SIN{G) <o G and SIN{G) is an increasing union of open, compactly generated 
SIN groups. 

Theorem 4.4. Suppose a l.c.t.d.s.c. group G is locally solvable and ra{G) > 0. 
Then there is 1 ^ fc ^ TsiG) and a sequence of closed, normal subgroups 

{1} =:7Vo<iVi<...<iVfc < G 
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such that 

(i) r,{G) > TsiG/N,) > .... > r,(G/iVfc) = 

(ii) For all 1 ^ j ^ fc, Nj/Nj^i = [J^^J^Hi where (i?i)igN is an C-increasing 
sequence of compactly generated, open subgroups of Nj/Nj^i for which 

rs{H,/Rad{H,)) < r,{G/N,^i) 

for all i e N. 

In the special case that a group G is locahy nilpotent, we obtain a less compli- 
cated structure theorem. Define the nilpotence rank of a locally nilpotent l.c.t.d.s.c. 
group by 

r„(G) := mm{n{U) \ U G U{G) nilpotent } 
where n{U) is the nilpotence class of U. 

Theorem 4.5. Suppose a l.c.t.d.s.c. group G is locally nilpotent. Then there is 
1 ^ fc ^ r„{G) + 1 and a sequence of closed, normal subgroups 

{l}=:No<iNi<...<iNk<oG 

.such that Ni/Ni^i ~ cl{SIN{G/Ni^i)) and cl{SIN(G/Ni^i)) is an increasing 
union of compactly generated, relatively open SIN groups for each 1 S^i ^ k. 

Proof. Let G be l.c.t.d.s.c. and locally nilpotent and let [/ G W witness rn{G) — k. 
Recall that Z{U), the center of U, is non-trivial. It is easy to check Z{U) ^ 
SIN{G). Put A^i := cl{SIN{G)), let tti : G -> G/Ni be the usual projection, and 
consider G/iVi. Since Z{U) ^ iVi, n(7ri(C/)) < n{U) or n{ni{U)) = 0. We now 
proceed by induction to build the remaining Ni. Suppose we have defined Ni for 
I ^ 1 and let tt; : G — ?• G/Ni be the usual projection. If Ni is open or n{Tii{U)) — 0, 
we stop. Else, put Ni+i := Tii^{cl{SIN{G/Ni))). So, 

Ni+i/Ni ~ cl{SIN{G/Ni)) 

and 

G/JVi+i ~ (G/Ni)/cl{SIN{G/Ni)) 

Noting cl{SIN{G/Ni)) contains Z{tti{U)), n(7r;+i(C/)) < n(7r;(C/)). This procedure 
must halt at some stage k < n{U). If G/Nk is discrete, then 

Ni<:N2<i...<iNk <o G 

satisfy the theorem. Else, G/Nk has a compact, open abelian subgroup. By propo- 
sition 4.3, SIN{G/Nk) is open in G/Nk. Then, Nk+i := TT-\SIN{G/Nk)) along 
with A^i, ...,Nk satisfy the theorem. We remark that cl{SIN{G/Ni-i)) an increas- 
ing union of relatively open SIN groups for each Ni^i is just an application of 
proposition 3.4. D 

The proof of the above theorem shows repeated SIN radicals mirror the upper 
central series of a nilpotent, compact, and open subgroup. 

We conclude this subsection by making a couple of remarks on topologically 
simple constructible groups. Recall a topological group G is topologically simple if 
its only closed, normal subgroups are G and {!}. We note the class of constructible 
groups contains non-discrete, non compactly generated topologically simple groups: 
the topologically simple groups with open, abelian subgroups constructed by Willis 
in [6] are examples. On the other hand. 
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Theorem 4.6. // a group G is compactly generated, topologically simple, and con- 
structible, then G is discrete. 

Proof. We induct on the rank of G. The base case is obvious. Since all constructible 
groups have successor ordinal rank, it suffices to consider only the successor case. 
Suppose the theorem holds up to rank a and rk{G) ^ a + 1. Since G is compactly 
generated, G is a group extension or of lower rank. If G is of lower rank, we are 
done by induction. Else say A^ < G is such that rk{N) ^ a and G/N ^ a. Since 
G is topologically simple, either N = G or N = {!}. Thus, rk{G) < a, and we are 
done by induction. D 

In [6] Willis shows a non-discrete, topologically simple, and compactly generated 
l.c.t.d. group is not locally solvable. This theorem now follows from the above the- 
orem along with the structure result of this section. This is of course a roundabout 
proof. We give a direct proof in section five. 

4.2. The structure of locally pro-nilpotent groups. In [1] Barnea, Ershov, 
and Weigel prove a non-discrete, locally pro-nilpotent, compactly generated, and 
topologically simple l.c.t.d. group must be locally pro-p for some prime p. We show 
any locally pro-nilpotent l.c.t.d.s.c. group can be decomposed into locally pro-p, 
profinite, and discrete pieces. 

We first define a class of candidate groups. 

Definition 4.7. Let $ be the smallest class of l.c.t.d.s.c. groups such that the 
following hold 
(i) i> contains all second countable profinite groups, countable discrete groups, 

and locally pro-p l.c.t.d.s.c. groups, 
(ii) $ is closed under group extensions, 
(iii) $ is closed under increasing unions. 

We call $ the class of prime constructible groups. 

Just as in the previous subsection, there is an ordinal rank on $: For G G $ put 

• G S $0 if and only if G is profinite, discrete, or locally pro-p for some prime p. 

• Suppose $a is defined. Put G S $^ if and only if there exists N < G such that 
N e<^a and G/N G $«■ Put G G $^ if and only if G = Ujen ^i where {H,),^^ 
is an C-increasing sequence of open subgroups of G with Hi G ^a for all « G N. 
Then, $„+i := $^ U ¥^. 

• For limit ordinal A, <i>A := U,3<a *^a 

It is easy to see $ = IJ^ ordinal ^^- ^or G G $, we define rk^{G) := min{a | G G 
$„}. rfc$ is called the prime constructible rank. 

Proposition 4.8. Suppose G is a l.c.t.d.s.c. group which is locally pro-nilpotent 
and locally pro-i: for some finite set of primes tt. Then there is a sequence of closed, 
normal subgroups 

{1} =: Lo<Li< ... <Lk <G 
such that 1 ^ fc ^ |7r| and 
(i) G jL-k is locally pro-p for some p G tt. 

(ii) For each 1 ^ i ^ fc there is g G vr such that Li/Li^i = lj,gpj Hj where {Hj)j^f^ 
is an C-increasing sequence of open subgroups of Li/Li-i with Hj/Rad{Hj) 
locally pro-q for all j G N. 
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Proof. We proceed by induction on |7r|. The base case, \tt\ ~ 1, is obvious. Suppose 
the result holds for all groups as in the hypotheses with \tt\ ^ n. Suppose G is as 
hypothesized with |7r| = n+1. Say n — {pi, ...,p„+i} and let t/ G W be pro-nilpotent 
and pro-TT. Consider 

n+l 

B:={C e S{G) \yV eU3 pro-nilpotent, pro-7r W ^o V : C i: f] NaiWp^)} 

It is easy to check B is hereditary and conjugacy invariant. 

Let Nb be the S-radical and put Li := cl{Ni}). Let (ni)igN list a countable dense 
subset of Ni3 and set Hi := cl{{U fl ii,no, ...,ni)). So (_ffi)igN is an C-increasing 
sequence of open subgroups, and Li — yj^^^^Hi. Fix i G N. Now Hi ^ B since 
U £ B, and there is a pro-nilpotent, pro-7r W ^o U such that Hi ^ n?=2 ^oiWp^). 
Thus, Li n Wp- ^ Rad(Hi) for each 2 ^ j ^ n + 1. By basic results in profinite 
group theory, (Li n W)p^ = Li n Wp^. Therefore, xiLi n T^) G U{H^/Rad{Hi)) 
is pro-pi where x '■ Hi ^ Hi / Rad{Hi) is the usual projection. So Hi / Rad{Hi) is 
locally pro-pi. Li thus meets the requirements to be the first term in the sequence 
of subgroups as in the theorem. We now set about producing the other Li. 

Claim. Up, s^ N^. 

Proof. Fix C Cz B, u Cz Up-,, and V Cz U. It suffices to find pro-nilpotent, pro-7r 
W i^oV such that cl{{u,C)) < fX-^^ NaiWp^). To that end, \etW ^^oUnV be 
such that C s$ n"=2 ^g(W^k)- For 2 s; j < n + 1, ?i G NciWp^) since Wp^ < 
Up-^ and u centralizes Up-. Hence, cl{{u,C)) ^ 07=2 ^ciWp^) and we have the 
claim. D 

So G/Li is locally pro-nilpotent and locally pro-{p2, ■■■,Pn+i}- So there is 

{1} ^■.Mo<Mi....<Mk' < G/Li 

which satisfy the theorem by the induction hypothesis. Let % : G — > G/Li be 
the usual projection and put i^+i = x^^i^i)- We claim Li, ...,Lk'+i satisfy the 
theorem. Certainly, fc' + 1 ^ n+1, and G/Lk'+i — {G/Li)/Mk' is locally pro-p for 
some p £ n. For 1 ^ i < fc', 

M,/M,_i ~ L,+i/L, 

and the induction hypothesis finishes the proof: For each 1 ^ z ^ fc' there is 
g G TT so that Li^i/Li ~ UjeN^i where (iJj)jgN is an C-increasing sequence of 
open subgroups of Li+i/Li with Hj/Rad{Hj) locally pro-g for all j G N. Hence, 
Li, ...,Lk'+i satisfies the theorem. D 

The above proposition shows that locally pro-7r, and locally pro-nilpotent l.c.t.d.s.c. 
groups are prime constructible. Further, we obtain an upper bound on the prime 
constructible rank. 

Proposition 4.9. Suppose G is a l.c.t.d.s.c. group which is locally pro-nilpotent 
and locally pro-n for some finite set of primes n. Then G is prime constructible 
andrk^{G) ^ 3|7r| -2 

Proof. We induct on the size of |7r|. The base case, |7r| = 1, is obvious. Suppose we 
have the proposition for \tt\ ^ n. Say G is as hypothesized and tt = {pi, ...,pn-\-i} 
with n+ 1 > 1. Form Li as in the above proof: Li = UieN Hj where {Hj)j^jq is an 
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C-increasing sequence of open subgroups of Li and Hj/Rad(Hj) is locally pro-pi 
for all j e N. So rkq,{Hj) ^ 2 and rk^{Li) ^ 3. On the other hand, G/Li is locally 
pro-{p2, ■■■tPu+i}- The induction hypothesis implies rfc$(G/ii) ^ 3n — 2, and 

rk^{G) < niax{3n-l,4} «: 3(n + 1) - 2 

D 

This result may be extended to any locally pro-nilpotent l.c.t.d.s.c. group. How- 
ever, such a group may have transfinite prime constructible rank. 

Theorem 4.10. // a l.c.t.d.s.c. group G is locally pro-nilpotent, then G is prime 
constructible and rk^(G) ^ uj + 2. 

Proof. Suppose G is a l.c.t.d.s.c, locally pro-nilpotent group. Let U G U he pro- 
nilpotent and let {pijigN list the primes in increasing order. For C G S{G), define 
C e iS if and only if for all V E U there is a pro-nilpotent W ^o V smd n E N 
such that G ^ C\j>n ^ci^pj)- It is easy to check S is conjugation invariant and 
hereditary. Form the tS-radical Ng. 

Claim. For all i e N, C/p. s^ Ng. 

Proof. Fix i e N. Take u e Up^, C e S, and V E U. Find M^ <„ V' n C/ and n e N 
such that G ^ n^j^n N^Wp^). Choose n> i. Then, u e NaiWp.) for any j '^ n 
since u centralizes Up. ^ Wp. . Therefore, d((u, G)) ^ C\j>n ^ci^pj)-, a-nd we have 
the claim. D 

'&0 U ^ N :— cl{Ns) and rk^{G/N) = 0. Let (ni),^^ list a countable dense 
subset of iV^. Put Hi := {U, no, ..., Ui). Certainly, N is the increasing union of the 
Hi. Further, Hi E S since U E S. We may thus find W ^o U and n E N such that 
Hi s^ flj^n NclWp^ ). So Wp^ ^ Rad{H,) for aU j ;? n. If n = 0, then Hi/Rad{Hi) 
is discrete. Else, Hi/ Rad{Hi) is locally pro-jpo, ■■■,Pn-i\ and locally pro-nilpotent. 
In either of the cases for Hi/Rad{Hi), rk^{Hi) < max{2, 3n — 1} by the previous 
proposition. Hence, rk,^{N) ^ a; + 1 and rkg,(G) ^ cj + 2. D 

Of course the above proof gives more than that locally pro-nilpotent l.c.t.d.s.c. 
groups are prime constructible. Indeed, it gives a decomposition into locally pro-7r, 
profinite, and discrete pieces. 

Theorem 4.11. Suppose a l.c.t.d.s.c. group G is locally pro-nilpotent. Then there 
is N <o G such that N — [J^^J^Hi where (i:fi)igN "is an C-increasing sequence of 
open, compactly generated subgroups for which Hi/ Rad{Hi) is locally pro-nilpotent 
and locally pro-ir for some finite set of primes tt for all i E N. 

Note that the quotients Hi/Rad{Hi) in the theorem above have a decomposition 
via proposition 4.8. So theorem 4.11 is indeed a decomposition into profinite, 
discrete, and locally pro-p pieces. 

We conclude this section by making a remark about the class of prime con- 
structible groups. 

Theorem 4.12. If a group G is compactly generated, topologically simple, and 
prime constructible, then G is either discrete or locally pro-p for some prime p. 
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Proof. Wc proceed by transfinite induction on rk^{G). The base case is obvious. 
Since all prime constructible groups have successor ordinal rank, it suffices to show 
only the successor step. Suppose rk^{G) ^ a + 1. If G is an increasing union, then 
it must have rank at most alpha since compactly generated and we are done by 
induction. Else, there is N < G such that rkg,{N) ^ a and rk^{G/N) ^ a. Since 
G topologically simple, N = G oi N — {!}. In either case, rkq,{G) ^ a and we are 
done by induction. D 

In [1] Barnea, Ershov, and Weigel show a non-discrete, locally pro-nilpotent, 
compactly generated, and topologically simple l.c.t.d. group must be locally pro-p 
for some prime p. This result is now a corollary of the above theorem via theorem 
4.10 

5. Compactly generated, topologically simple groups 

In this last section, we use radical subgroups to give new proofs of a theorem of 
Willis in |6] and a theorem of Barnea, Ershov, and Weigel in |T on topologically 
simple l.c.t.d. groups. Along the way, we note a couple of generalizations. 

Theorem 5.1 (Willis |B]). // a l.c.t.d. group G is non-discrete, compactly gener- 
ated, and topologically simple, then G is not locally solvable. 

Proof. Suppose toward a contradiction that U G U is solvable. Suppose further 
U has the least derived length of any compact, open, and solvable subgroup. Say 
1{U) = k and put 

Ak ■■= {C e S{G) \\/V eU3 solvable W^ <„ V^ : C sC Ng{W^''^)} 

where VF'^°-' := W. It is easy to check Ak is conjugation invariant and hereditary. 
Let Nk be the ^fc-radical. 

Claim. [/('^^ :^ Nk 

Proof Take C G Ak and u e U^''\ Fix V" e i^ and find W i^o V f) U such that 
G s; NaiW^'"''). Since C/C^') is abelian and W^''^ ^ U^''\ u S Ng(W^'''>). Thus, 
cl{{u,G)) s; NaiW^'''^) and cl{{u,G)) G A- □ 

Nk is then dense in G by topological simplicity. Since G is compactly generated, 
there is A C G finite such that AU generates G. We may take A C Nk as Nk is 
dense, and G £ Ak since U e Ak. So there is W s^o U such that G s^ NciW^''^). 
This contradicts topological simplicity because M/C^) is non-trivial by choice of 

k. a 

This proof indicates a generalization. 

Definition 5.2. Let 7(xi, ...,a;„) be a word in the free group on n generators and 
let [/ be a profinitc group. The verbal subgroup in U generated by 7, denoted ^{U), 
is defined to be 

d((7(ui,...,u„) : Ui e U)) 

It is easy to see verbal subgroups are characteristic and if W ^ f/, then 7(H^) ^ 
7(C/). In Willis' theorem above, C/^'^-' is an infinite verbal subgroup with a non- 
trivial centralizer. This is all that is required for his theorem. 
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Theorem 5.3. // a l.c.t.d. group G is non-discrete, compactly generated, and 
topologically simple and j(xi..., Xn) is a word in the free group on n generators, then 
either "/{U) is trivial for some U € U{G) or Cg{i{U)) is trivial for all U G U{G). 

Proof. Suppose for contradiction the theorem is false and let G',7 witness this. So 
^{W) is non-trivial for all W & U, and say Cg{i{U)) is non-trivial for U ^ U. 
Consider 

n^ -.^ {C G S{G) \yv eU3W i^oV -.G ^ Ng{j{W))} 

Hj is hereditary and conjugation invariant. Form iV^, the H^-radical, and similar 
to the proof above, CailiU)) ^ N.y. So N^ is dense in G by topological simplicity. 
There is then a finite A C iV^ such that AU generates G. Since U G T-L-y, G G T-L-y 
and there is M^ ^o C^ such that G normalizes ^{W). This contradicts topological 
simplicity. D 

We now consider a couple of results from [T] of Barnea, Ershov, and Weigel. 
We remark that the statement of these results in [T] is couched in the language of 
abstract commensurators. The formulations we give are the obvious adaptations 
to the context at hand. 

Proposition 5.4 (Barnea, Ershov, Weigel [T]). If a l.c.t.d. group G is non-discrete, 
compactly generated, and topologically simple, then Gg (<?) is not open for all non- 
identity g € G. 

Proof. Suppose for contradiction G is as hypothesized and g G G\{1} is such that 
Gcig) is open. Consider the SIN family, SIAf. Take G G SIAf, let V gU, and 
find W s^oVn Gcig) such that G < Ng{W). Then, g G NGiW) and d((g, C)) s^ 
Ng{W). It now follows g G SIN{G) and SIN{G) is non-trivial and dense. Since 
G is compactly generated, there is B C SIN{G) finite such that BU generates G. 
But then G G SXJV since U G SIN", and this contradicts topological simplicity. D 

Barnea, Ershov, and Weigel call a subgroup N ^ G sticky if GommG{N) = G. 

Theorem 5.5 (Barnea, Ershov, Weigel [IJ). Suppose a l.c.t.d. group G is non- 
discrete, compactly generated, and topologically simple. Then for all U G U{G) and 
{1} < iV < [/ either N is not sticky or Gg{N) is trivial. 

Proof. Suppose the theorem fails. So there is U GlA and {1} < N < U such that 
N is sticky and Gg{N) is non-trivial. We now build a radical subgroup which leads 
to a contradiction. The invariant, hereditary subset of S{G) we require here is a 
bit more subtle: Define H C S{G) as follows: C G ?^ if and only if for all V £ U 
there exists N^ ^W^oV and {W!i}igN a normal base at 1 for W such that 

(i) Nw -c N 

(n) G s^ NGiNw n Wi) for alH G N 
Certainly, Ti is hereditary. Further, 

Claim. "H is conjugation invariant. 

Proof. Take G e V. and g e G. Fix V eU and find W ^o g~^Vg as given by the 
definition of H. So there is {M^ijigN a normal base at 1 for W and Nw < W with 
Nw ~c N such that G < Ng{Nw n Wi) for aU i G N. We claim gWg~^ ^o V sat- 
isfies the conditions for gGg~^ G H. Certainly, gNwg~^ ^ gWg~^, {gWig~^}i(zfii 
is a normal base for gWg~^ at {1}, and gGg^^ ^ NG{gNwg~^ n gWig'^) for all 
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i E N. It remains to show gNwg^^ ^c N. But this is easy: gNwg^^ ^c gNg^^ 
by conjugacy invariance of ~c, gNg^^ ~c N since N is sticky, and gNwg~^ ^c N 
since '^c is an equivalence relation. D 

Take the -H-radical, M. We claim Cg{N) < M. To see this, take u e Cg{N) 
and C G H, &x V & U , and find W ^o V as given by the definition of C S "H. 
Let {WijigN and Nw be the normal base and normal subgroup, respectively. Now 
Nw ^c N, and therefore, NClNw ^o Nw- So there exists W^ such that TV^^nWi < 
N n TViv- Fix such an z G N, put Nw, ■= Nw n Wi, and note u e iVcl^w. n M^j) 
for aU j ^ i since Nwi ^ -/V- Further, N ^c Nwi since A^vi^. ^c ^w '^c ^- Thus, 
Nwi < Wi ^o V^, {Wj}j^i is a normal base for Wi, and c/((C, u)) ^ iVcC^Wi n Wj) 
for ah j > i. Thereby, d((C,M}) G U and Cg(A^) ^ M. 

We now run the usual argument: M must be dense in G since G topologically 
simple. So there is A C M finite such that G is generated by AU . But, C/ G H, 
and thereby, G G H. This implies that G normalizes some compact M ~c N. Since 
proposition 5.4 implies N is infinite, M is infinite, and G has a normal, closed, 
and non-trivial subgroup - an absurdity. D 

We conclude by proving a theorem which unites Willis' theorem with the results 
of Barnea, Ershov, and Weigcl. 

Theorem 5.6. Suppose a l.c.t.d. group G is non-discrete, topologically simple, and 
compactly generated. Let {1} < N <i U be a sticky subgroup with U G hl{G) and let 
7(xi, ..,x„) be a word in the free group on n generators. Then either there is some 
M ^c N such that "/{M) is trivial or CG{"f{N)) is trivial. 

Proof. Suppose not. Let {1} < N < U he a. sticky subgroup such that 7(M) is 
non-trivial for all M ^c N and GcijiN)) is non-trivial. Define TL C S{G) by 
C G "H if and only if for a\\ V e U there exists Nw < W ^o V and {VKijieN a 
normal base at 1 for W with 

(i) Nw ~c N 

(n) G ^ Nai-fiNw n W^)) for all i G N. 
Just as in the previous proof, 71 is conjugation invariant and hereditary. Let M be 
the "H-radical. 

Claim. Cg(7(A^)) «: M 

Proof Take g G GchiN)) and C € H. Fix F G ^/ and find W ^o V as given by 
the definition of TL. So there is {VFijigN a normal base at 1 for W and Nw ^ W 
with Nw ~c N such that G < Ng{j{Nw n Wi)) for all i G N. As in the previous 
proof, there is i G N such that Nw H Wi ^ N f) Nw- Fix such an i and put 
Nw, := Nw n Wi. Now Nw, ^ Wi, Nwi ^c N, and {Wjjj^i is a normal base at 
1 for W,. Moreover, j{Nw,) ^ j{N), and so cl{{G,g)) ^ Ng{j{Nw, H W,)) for aU 
j ^ i. It now follows c/((C, g)) G "H and g E M. D 

So M is dense in G, and as in the previous proof, G E TL. Therefore, G normalizes 
j{M) for some compact M ~c N. By assumption, 7(A'/) is non-trivial, and this is 
an absurdity. D 

Corollary 5.7. If a l.c.t.d. group G is non-discrete, topologically simple, and com- 
pactly generated, then for all U E U{G) and {1} < N <i U sticky, N is not solvable. 
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